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A novel dielectric resonator-based passive
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Abstract—In this study, the authors present a dielectric-resonator-
based sensor to characterize liquids. The sensor is based on a
dielectric resonator (DR) fed by a slot-coupling mechanism in the
ground plane of a microstrip transmission line (TL). The obtained
device is a fully passive sensor that a radiofrequency (RF) signal
can interrogate. A small hole was drilled on the DR surface to
allocate a drop of the liquid under test (LUT); as a consequence, the
resonant frequency of the sensor will depend on the electromag-
netic characteristics of the LUT. The device is modeled both with
an equivalent circuit model and through an electromagnetic modal
analysis. The cavity perturbation technique is used to study the im-
pact of the LUT on the resonant frequency and modal distribution;
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full-wave simulations corroborate the theoretical results. Finally, a prototype of the proposed sensor tuned to work in the
2.45 GHz band has been designed, manufactured, and measured. The device is cost-effective given the small size and
practical to use, thanks to the minimal volume of the pool, which calls for quantities of LUT in the order of 0.13 nl. The
prototype has been tested with an ethanol-water solution set. The experimental results match well with simulations and
show good repeatability. The sensitivity of the prototype resulted in being 718 kHz per percentage of ethanol in water.

Index Terms— Dielectric Resonator (DR), Electromagnetic sensor, ISM band, Liquid sensor.

[. INTRODUCTION

HEMICAL substances dissolved in different solvents

such as water, blood and urine can modify the electro-
magnetic properties of those solutions. The main changes in
dielectric properties correspond to the permittivity and loss
tangent of the solvent [1]. Since each material has a dis-
tinct natural property, therefore, characterization of chemical
solutions can be conducted by means of different detecting
approaches sensitive to the loss factor and permittivity speci-
fications.

Microwave techniques can be effectively applied as a rig-
orous solution to characterize and classify materials and solu-
tions. For example, these techniques were recently proposed
to indicate the imbalances in the concentration of certain
electrolytes in blood or urine such as sodium chloride (NaCl)
and glucose, in comparison with typical level existing in
healthy samples [2]. Sensors working in the radio frequency
(RF) and the microwave regime are one of the best techniques
for sensing, characterize and classify materials due to their
versatility, low-power consumption, easy fabrication and cost
effectiveness [3]-[5]. Regarding the power consumption, most
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of them are fully passive, which means that no batteries are
needed.

To discriminate small variations of the material of interest,
it is critically needed to have a high resolution sensors. In
order to achieve this goal, high quality and low loss factors are
prerequisites for sensor operation. To this end, several planar
sensing structures have been proposed [4], [6]-[12]. Among
them, frequency-domain-based sensors are the predominant
category. Their working principle is based on the shift in their
resonant frequency by changing the capacitance of the original
prototype. This is usually obtained by placing the sample
under test over the sensitive area of the sensor [13].

In frequency-domain category, many structures have been
applied to characterize liquid materials and solutions. In many
cases, this type of sensors such as submersible ones, require a
big amount of fluid material as they should be merged in the
solution [10], [12]. In some applications such as biological
testing, the necessity to afford this volume of material is
squandering. To tackle this problem, microfluidic sensors are
proposed. Microfluidic sensors with low volumes and high
accuracy are promising as they can be developed in chip-based
compact configurations [4], [14]. Compared to the submersible
sensors, microfluidic sensors suffer from more complexity
and cost as a microfluidic channel is located on the most
sensitive area of the resonators. A comprehensive review by
the same authors has been recently published in IEEE TIM
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[13]. Although the aforementioned sensors demonstrate an
acceptable sensitivity and dynamic range, the detection of
small variations in permittivity of samples is limited by the
resonant elements; especially in some structures, the saturation
behavior emerges after a specific level. Indeed, there are mul-
tiple capacitors in the planar resonators whereas one of them
is the most sensitive capacitance which can be incorporated
as sensing element. As a result, the sensitivity is limited in
the planar resonator-based sensors. In addition, by decreasing
the operation frequency, the size of structures gets larger,
considered as a serious concern. In order to increase the
sensitivity, several attempts have been made. For instance,
substrate-integrated waveguide (SIW) technology maintaining
the functionality of conventional waveguides benefits from
high Q-factor and high power handling capability [15], [16].
However, they suffer from complexity in fabrication. The array
configuration is another strategy for increasing the sensitivity
and Q-factor. This type of sensors with high performance
suffer from large surface area and hence, the need for a big
amount of sample [17]. Besides, capacitive sensors with the
advantage of contactless drop characterization have been stud-
ied in [18], [19]. The typical operation principle is based upon
cylindrical conducting electrodes wherein minimal insulating
gaps are placed between the electrodes to isolate them from the
neighboring electrodes. The change in the cross capacitance
is evaluated when a droplet is placed in the region within
the electrodes. This capacitance variation, a consequence of
the dielectric permittivity change, is used to discriminate the
materials under test. The sensor in the time-domain approach
shows a good functionality for several volume variations for
oil, water, ethanol and acetone, as well as dynamic capacitive
response corresponding to different salt concentrations.

Dielectric Resonators (DR) are made up of ceramic ma-
terials and some commercial polymers. Their high dielectric
permittivity leading to high stored energy within the DR
cavity and low dissipation (loss) factor makes these resonators
a promising alternative. These resonant elements have been
applied to oscillators, filters and antennas for decades [20]-
[23]. Recently, DR with high efficiency, compact size and
cost-effectiveness have attracted the researcher’s considera-
tion in sensing applications [22], [24]-[28]. The size of the
DR inversely depends upon the relative permittivity of its
constitutive material. The higher the relative permittivity of
the constitutive material of DR, the lower the size of the
DR. Contrariwise, the impedance matching and bandwidth are
reduced by increasing the permittivity constant [29] resulting
in having a quite narrow bandwidth. This narrow bandwidth
is undesired in most applications, but this may be beneficial
in some applications such as sensors. As explained before,
frequency-domain-based sensors are favored to work with
narrow bandwidths and high Q factor values.

In this paper a novel DR sensor for liquid characterization
is proposed. This is based on a cylindrical DR working in the
2.45-GHz band excited by slot feeding. This feeding technique
is based on a microstrip transmission line (TL) with a slot in
its ground plane. The DR is placed over the ground plane
and coupled to the TL through the slot. By creating a small
pool on top of the DR surface, the liquid under test (LUT)

can be placed and sensed as a slight change in the resonant
frequency is induced. This frequency change depends on the
dielectric characteristics of the LUT, allowing an accurate
determination of solvent concentrations. The main advantages
of the proposed DR-based sensor in comparison with the
planar resonator-based sensors are their great Q-factor, high
resolution, independency to the temperature and high accuracy.
These beneficial aspects make these sensor suitable to charac-
terize low volumes of liquid samples and solutions. Moreover,
the need of low volumes of LUT represents a benefit compared
to submersible sensors which makes this novel sensor suitable
for measuring biological samples in the future. On the other
hand, its robustness, simplicity in fabrication and low cost over
other more complex approaches such as microfluidic, STW-
based and array-based make the proposed DR-based sensor a
good candidate for sensing liquids in mass applications. To
the best of our knowledge, it is the first time that a DR-based
sensor, at the low-GHz frequency range, is analytically and
experimentally studied for characterizing low-volume liquid
samples.

This paper is organized as follow: In section II, the geometry
of DR-based sensor in addition to its sensing principle are
explained. In section III, the modal analysis of the proposed
sensor is studied and the perturbation method is applied to
analyze the effect of a sample on the resonant modes. A study
of the dielectric characterization of the ethanol-water solutions
used to test the sensor is presented in Section IV. Since,
ethanol-water mixture is a classical choice to test sensors,
enabling us to compare the proposed structure easily with
existing literature [30] and [31]. In section V the sensor is
simulated and experimentally tested. The results are verified
with different ethanol-water solutions and the main character-
istics of the proposed sensor are investigated and quantified.
This paper is concluded in Section VI.

Il. GEOMETRY DEFINITION AND PRINCIPLE OF
OPERATION

The topology of the proposed sensor is shown in Fig. 1. It
consists of a microstrip TL and a slot-fed cylindrical DR. The
axis of the DR is aligned with the z axis and the feeding
microstrip TL (with width w and length [) is adjusted to
509. The port of the sensor is located at the beginning of
the microstrip TL. The slot is etched on the ground plane
beneath the DR which is constituted by a dielectric cylinder
with the radius 74, height & and €, dielectric constant. The DR
bottom is fixed on the slot and the metallic ground plane. The
dimensions of the slot are wg and [g. A small cylindrical pool
with radius r;, and height h;, is embedded on top of the DR.
This tank is used to allocate the liquid samples under test.

The dielectric cylindrical cavity resonator is conceptually
similar to a circular waveguide. The total energy corresponding
to the electric and magnetic fields are stored inside the cavity,
affected by the dielectric permittivity of the DR. According to
Fig. 2, the cylindrical cavity resonator can be considered as a
parallel RLC'. Accordingly, the reflection coefficient I';,, can
be obtained as

Zin — Zo

Tip = Zin—% I
Zon + Zo &
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Fig. 1: DR Sensor (a) Front view, (b) Side view, with generic
dimensions. The prototype’s dimensions are reported in Ta-
ble L.

where Z;,, is the input impedance of the circuit and Zj is the
intrinsic impedance of the port.

The resonant frequency of the DR can be defined as wg =

\/% and the unloaded Q-factor of DR can be interpreted

as Qo= ‘“%L . In critical-coupled condition wherein Z, equals
to Z;n, the reflection coefficient approaches to zero. Through
the implemented slot, the DR is coupled to the excited
electromagnetic waves inside the microstrip host line. This
is shown by the mutual coupling capacitor defined as C,,.
By loading the DR to the TL, the resonant frequency of the
loaded DR and subsequent loaded Q-factor are changed to

Variable | Dimension [mm)]
rq 17
h 8
Th 4
hp 2.5
w 2.95
l 74
Ws 0.7
ls 32
lstub 6.65

TABLE |: Dimensions for the fabricated sensor. Variables are
referred to Figure 1.

TL coupled to the DR
50Q e A
port

Fig. 2: Circuit model of the DR coupled to the microstrip
transmission line.

1 — wL :
e and Qp (e respectively. Here,

Rysss 18 defined as lossy resistance corresponding to the TL
and radiation dissipation.

The C), capacitor is influenced by loading lossy liquids
in the tank which is located on the sensitive area of the DR
where the electric and magnetic fields confinement is strong.
In particular, the total effective permitivity is perturbed when
the hole is filled by the liquid sample. Therefore, every change
in LUT leads to changes in w and @),. Thus, this event makes
changes in the Z;,, and consequently the I';, changes. This
reflection coefficient I';,, is constantly measured. Therefore,
the changes observed in this parameter depends on the LUT.
In particular, the resonant frequency of sensor depends on the
LUT and this is employed as the main sensing principle.

1. MODAL ANALYSIS AND PERTURBATION METHOD
APPLIED TO THE SENSOR

For more insight into the DR sensor, the electromagnetic
theory is applied to analyze the sensor’s behaviour. The opera-
tion principle of the DR is based on the cavity electromagnetic
model. By assuming the cavity resonator model, the analysis
of the confined fields inside the DR can be conducted. It
is provided by approximately considering the outer surfaces
of the cavity as perfect magnetic conductors (PMC). In this
approach, the eigen equations can be applied for the prediction
of the DR resonant frequencies [24]. For practical proposes,
pure T'M,,,, and T'E,,,,,, modes exist when the fields do not
depend on the angular coordinate. Otherwise, the propagating
mode is a combination of a T'M and a T'E mode, defined as
Hybrid modes represented as H EMy,,,,. The subscripts n, m
and p are nomenclatures identifying the mode classification.
The lowest of them is HE Mg [32]. As the radius of DR
increases, the number of T'E' and T'M modes and subsequently
the hybrid modes number increases. The H E'M115 mode, so-
called dipole mode, is widely used in the DR structures in
which § is a non-integer value less than unity.

For small values of r4, the field propagating outside of the
DR can extend for a long distance whereas the fields for a
large-radius DR are stronger confined closer to the DR. In
this case, the phase constant 3 approaches to /€, 3y when the
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(b)

Fig. 3: Electric and magnetic field distributions of the fundamental mode (a) F field top view (unfilled sensor), (b) H field
top view (unfilled sensor), (c) £ field side view (unfilled sensor), (d) H field side view (unfilled sensor), (e) H field side view

(sensor with water).

radius approaches to infinity considering S, the phase constant
in free space. Therefore, the phase velocity is less than that of
free space [33]. Unlike the fields equations for TM and TFE
modes which include both cos(m¢) and sin(m¢), the HEM
modes have only either sin(mg) or cos(mo).

According to the previous explanation, H EM modes are
excited inside the DR used as the base of the proposed sensor
(Fig. 1). Specifically, the fundamental excited inside the DR
is HEM 115 [34], [35]. The resonant equation corresponding
to the understudy HEM 115, for the least value of 4, simplifies
to:

(171 4+~ 4 1.578(22)2) (2

(fr)llO = hy 2hy

c
27"d71' \/a

This resonant frequency corresponds to the unloaded equiv-
alent cylindrical DR. As explained in Section II, when a
small amount of liquid is inserted in the cavity, the resonant
frequency of the resonator changes and an increase in the
effective permittivity produces a decrease in the resonant
frequency. On the other hand, the electromagnetic fields inside
the DR remains almost unchanged. This can be also explained
through the cavity perturbation technique. This technique is
an accurate scheme which can be applied to analyse the
change in the electromagnetic field distribution inside the
cavity when the sample volume is very small to produce a
negligible perturbation [36]. Here, the sample is considered as
a thin-enough cylinder occupying the proposed hole which can
satisfy the accuracy requirements for higher order modes. The
fractional change in the resonant frequency due to the LUT

can be rewritten as follows (refer to the Appendix for more
details):

2 2

' —fU<A€‘E) +Au‘ﬁ‘>dv
w —w

- 12 2 G
/, (E‘E‘ +u|H )dv
where E and H are the electric and magnetic fields of the
equivalent cylindrical DR (without any tank), w and w are
the resonant frequencies of the DR before and after placing
LUT, respectively and A shows the variation in permittivity
and permeability made by the LUT. According to Eq. 3, it
can be clearly seen that by increasing the permeability and
permittivity, there is a decrease in the resonant frequency,
illustrating an increase in the stored energy in the resonant
cavity. This is consistent with the operation principle presented
in Section II. Furthermore, the resonant frequency variation
depends on the location of the perturbation factor. In the other
words, this fractional change in the resonant frequency is the
result of interaction between electromagnetic fields inside of
the DR and the LUT.

Finally, a full-wave simulation of the proposed sensor was
performed by using CST Studio Suite. Figure 3 shows the
electric and magnetic field distributions of the fundamental
mode. The expected HEM;i1s mode is excited inside of
the DR in which ¢ is a non integer less than unity. These
field distributions are similar to the ones of a conventional
cylindrical DR [37]. These demonstrates our previous theory
as the fields inside the DR remain unchanged, but the fields

w
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are confined in the pool when a sample is placed, as it can be
seen in Fig. 3(e) compared to Fig. 3(d). This last interaction
produces the desired frequency shift depending on the pool
filling.

[V. MIXTURE PERMITTIVITY CHARACTERIZATION

The proposed DR sensor is utilized for characterizing differ-
ent solutions of liquids. In particular, an ethanol-water solution
was used to test the proposed sensor. In order to model the
effective permittivity of binary mixtures, several formulations
are used [38]. Maxwell Garnett model [39] with a simple
appearance is widely used in vast-variety applications [38]
which is written as
Ery — Ery

Ery + 257"1 - |m‘ (67"2 - 57"1)

“4)

Eeff = Ery +3|m| ey, -

wherein €., and €., are the dielectric constants of mixing two
liquids with the mixing ratio of (1-|m|) and |m/|, respectively,
while |m| < 1. It should be considered that for large dielectric
constants, there is a very nonlinear function for effective
permittivity. Before using this model, the permittivity of each
liquid should be extracted separately. As the dielectric permit-
tivity depends on the operation frequency, Debye-I" relaxation
model is used as a efficient tool for the permittivity extraction
of ethanol at the desired frequency and T = 25 °C (room
temperature). The model equation is defined as

€= oot =22 —jfxT 5)
142
fr
where €, and €, are defined as static permittivity and infinite
permittivity respectively. Furthermore, f and f, are corre-
sponding to the desired frequency and resonance frequency
respectively.

The resulting dielectric properties of the binary ethanol-
water mixture are shown in Figure 4.There is a decrease
of the relative permittivity and and increase of the losses
when the percentage of ethanol increases. These results make
sense because the relative permittivity and tan § of ethanol are
much smaller and more higher than those of distilled water,
respectively.

V. SIMULATION, MEASUREMENT AND DISCUSSION
A. Full-wave analysis and CST results

This section is devoted to the analysis of the performance
of the proposed sensor. The sensor is tested with different
ethanol-water solutions. First of all, the structure depicted in
Figure 1 was optimized to obtain a sensor working in the
ISM 2.45-GHz band, chosen because this is a freely available
band, widely used in wireless applications, and with a handy
availability of off-the-shelf-components. CST Studio Suite was
used to perform the electromagnetic analysis of the sensor and
the optimization of the DR and the coupling TL. The dielectric
characteristics of the sensor and the final dimensions used for
the simulation and fabrication are shown in Table II and Table
L

The results of the S1; parameter (reflection coefficient of
the sensor, I';;,) are shown in Figure 5. It can be seen how the

©
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Fig. 4: Dielectric properties of the ethanol-water solution at
2.45 GHz.

Parameter | TL Substrate (FR4) | DR (Zirconia)
€r 4.3 29.1
tan(d) 0.025 0.0019

TABLE II: Permittivity and tan(9) of the TL substrate and the
DR used in the sensor.

original sensor without LUT is resonating at 2.48G H z (dashed
line). To emulate the loading with different ethanol-water
concentrations, results from the permittivity model described
in Section IV were used. Figure 5 also shows the behaviour of
the sensor for the different solutions. As it could be expected,
the resonance frequency increases as the ethanol concentra-
tion does, following the opposite trend of the disolution’s
permittivity. This is, higher permittivities are related to lower
concentrations, of ethanol which, in turns, leads to higher
resonance frequencies. In conclusion, simulation results are in
agreement with the desired operation principle of the sensor.
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Fig. 5: S11 sensor response to different ethanol-water concen-
trations. Lines indicate the percentage of ethanol in water.
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Fig. 7: Statistics of the resonance frequency as a function
of the ethanol concentration. Boxplots are for measured data
(average and standard variation over 61 experiments per con-
centration) while the line is for the simulated sensor.

B. Measurements and discussion

To evaluate the accuracy of the design outside of a sim-
ulation environment, the sensor depicted in Figure 1 has
been fabricated and tested in a laboratory environment. A
picture of the prototype can be seen in Fig. 8. The sensor
has been fabricated by CarboSystem [40] and the base PCB
by Eurocircuits [41] using standard processes, which helps in
maintaining the cost of the sensor reasonably low.

Measurements referred in the following are done using
an Anritsu MS46122B Vector Network Analyzer (VNA) to
extract the S7; parameter of the sensor in the working band
when placing ethanol/water concentrations in the range of 0%
to 100% (taking steps of 10%) and without any LUT (air). The
final sensor will be fitted in an ad-hoc electronic transceiver
similar to the one presented in [42].

To evaluate the design versus the simulation a series of 61
measurements per concentration, summing up to a total of 732
measurements (from 0% to 100% concentration and including
the air), cleaning the sensor between tests with distilled water

of the 61 measurements done for each concentration, that are drawn in thin colored lines). (a) 0% ethanol, (b) 50%

A\ 4

Fig. 8: Picture of the manufactured prototype.

and drying it with a microfiber cloth. All the measurements
were made at laboratory average temperature, that is, between
20 and 25 degree Celsius, to remove this variable from the
study.

Figure 6 shows a comparison of the Si; parameter for
the simulated and fabricated sensor. Measurements on the
fabricated sensor are done using different concentrations of
ethanol and water. Figure 6(a), (b) and (c) shows the behaviour
with distilled water (i.e. 0% ethanol), 50% of ethanol in water
and 100% ethanol, respectively. Figures show colored lines
with the different measurements taken, on top of them there
is a black-dashed line indicating the median curve and a red-
dotted line with the simulation result, for comparison.

It is worth to notice that, although the resonant frequency
shifts and is different from the nominal frequency of 2.4 GHz,
the changes are relatively tiny; using (4) and (5) the maxi-
mum permittivity variation due to the frequency shift can be
assessed as a mere 0.3 in absolute value. This implies that
the change in resonance frequency is fundamentally due the
percentage change in the LUT, as expected.

As it can be seen, although there are some variations in the
measurement (due to the sensitivity of the DR and the possible
differences in LUT quantities applied), the overall trend is
consistent. In addition to this, the position of the resonance in
the simulated and median curve is in good agreement.

There exist a small discrepancy in the depth of the reso-
nance, which the authors point to a mismatch in the tan(J)
value used in the simulation and the actual value for the DR.
Authors attribute this misalignment to the measurement setup.
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To provide more detail about the repeatability of the mea-
surements, Figure 7 shows a boxplot representation of the
position resonance frequency for different concentrations. It
can be seen how the statistics of the measurements are in
good alignment with the simulated results, as the median
measured values (red line inside the box) are very similar
to the simulated results (green line). This same figure shows
a consistent trend in the resonance frequency change as a
function of the concentration for both measurements and
simulations.

With respect to the sensitivity of the DR sensor, looking at
the slope of the line in Figure 7, it can be approximated to
718k H z per percentage of ethanol in water.

VI. CONCLUSION

This paper presents a new technology to develop passive
liquid sensors in the RF and microwave regime. The sensor
itself is based on a cylindrical DR fed through a slot-coupled
microstrip TL. The DR contains a small pool in order to
allocate the LUT. The operation principle is as follows: the
resonant frequency of the sensor depends on the electric
permittivity of the LUT. This has been demonstrated by
using an equivalent circuit approach and modal analysis. The
cavity perturbation technique was used to study the impact
of the LUT on the resonant frequency and modal distribution.
Moreover, full-wave simulations were performed to check this
theory. All the theory and simulations are consistent with the
operation principle. Thus, the fundamental mode of the sensor
similar to the HE M5 fundamental mode of a cylindrical
DR but the electromagnetic fields interact with the LUT in
the pool. This produces that the resonant frequency depends
on the permittivity of the LUT. The proposed technology
was tested with a complete set of ethanol-water solutions.
A comprehensive method to characterize the mixture set is
also presented in this work. This was used to simulate the
performance of the sensor technology before manufacturing
any prototype.

A prototype working in the low-GHz regime is designed,
manufactured and measured. This prototype was optimized to
work in the 2.45 GHz ISM band. Thus, this can be easily
integrated with commercial electronics. Furthermore, up to
the authors’ knowledge, it is the first DR sensor working
in the low-GHz band. The use of DR technology has some
benefits over other electromagnetic sensors like higher Q factor
and lower losses, leading to higher sensitivity, and higher
temperature stability. The volume of the liquid samples for
the proposed prototype is smaller than 0.13 ul. Hence, this
is valid to sense small volumes of samples like biological
measurements and some industrial applications like food or
chemical industry such as oil characterization [43]. On the
other hand, the complexity of the device is much reduced
compared to others, like micro-fluidic devices. The dimensions
are moderate and the cost is low when produced at high scale.
As commented before, the sensor is passive and no batteries
are needed. All these characteristics make this sensor a good
candidate for sensing small-volume liquid samples in mass
applications.

Finally, the manufactured prototype was tested in the labo-
ratory with the ethanol-water set. The results matched well
with simulations and showed good repeatability. The reso-
nance frequency (minimum) in the reflection coefficient of
the sensor was used as the sensing output. The sensitivity
of the prototype is 718 kHz per percentage of ethanol in
water. The frequency of the minimum might not be the ideal
detection mechanism but a combination of this approach and
some pattern recognition in the reflection coefficient curve.
However, this would was out of the scope of this paper but it
seems a promising starting point for future works.

Aside from this discussion, the common approaches for
dielectric spectroscopy need various bulky and expensive
complex measurement setup such as, for example, a VNA
connected to the sensor part for the frequency response ex-
traction. Due to the VNA complexity, it cannot be a suitable
spectroscopy system for a handheld and on-board sensing de-
vice. The sensor can be integrated with the electronic elements
to be feasible as a portable device; the phase variations caused
by the MUT/LUT can be detected by different output power or
output voltages in an interferometry-based configurations. In a
different approach, the electronic parts can also be integrated
with a signal transmitter and a receiver consisting of a detector
such as we have applied in other sensing structure [42]. That
will be the matter for further research; this work just focuses
on the DR sensing functionality.

APPENDIX

By considering £ and H as the electric and magnetic
fields of the original DR (without any hole) and E,, H as
the perturbed electromagnetic fields, respectively, the Maxwell
equations are satisfying

—

v x E = —jwuH (A.6)

and L .
VvV X H = jweE (A7)
When the material filling a small part of the cavity resonator

the Maxwell curl equations can be written as:

VX E = —jw (u+ Ap)H (A.8)

and

v x H = jw (e + Ae)E’ (A.9)

Wherein the w and w’ are the resonant frequency of original
and perturbed one respectively. The change in the permittivity
and permeability are respectively noted as Ae and Ap. By
conjugating the Equation A.6 and then multiplying by H’
and similarly, by conjugating the Equation A.9 and then
multiplying by E*, we have:

H -y x E* = —jw uH' - H* (A.10)

and

E* U x H =jw(c+ Ae)E* - E (A.11)

By subtracting these two equations according to the vector
identity equation of (\V(A x B) = B-vvA — A-vB), we
have:

— — —

v (E* x H) = jw(p)H* - H — jw (e + Ae)E* - E' (A.12)
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Similarly, this procedure should be applied to the eq. A.7
by multiplying £ and H* which gives:

6(53" x H*) = —jw/(u+Au)ﬁ*-ﬁ'+waE*-ﬁ' (A.13)

By adding the last two equations, and using the divergence
theorem, and defining the integral over the resonator volume,
the following equation is achieved as:

/6-(ﬁ’xﬁ*+ﬁ*xﬁ/)-dv:
;

- . (A.14)
/(E' x H*+ E*x H')-ds =0
s
And after rearrangement it gives:
j/ we —w (e + Ae)|(E* - B+
, [ ( I ) A15)

lwp — w' (e + Ap)| H* ~I1_f')dv =0

Based on image theory, the sum of tangential electric fields
on the ground plane are zero, i.e., i x E' = 0, According to
the perturbation theory, it is expected that the electromagnetic
fields are not greatly different from unperturbed ones when Ae
and Ay are small and the material under test is concentrated
in a partially small volume. This approximation can be follows
by assuming E'|H equals E/H respectively, as the E' and
H' fields are practically unknown. Consequently, the fractional
change in resonant frequency is obtained as follows:
2 2
: —fU(As‘E‘ +Au’ﬁ‘ )dv

w —w

- - ‘E‘Q (A.16)
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